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An analysis of weld morphology which typically occurs in deep penetration welding processes using elec-
tron or laser beams is presented. The method of analysis is based on geometric constraints with formal
mathematical foundation within the theory of constrained parameter optimization. The analysis pre-
sented in this report serves as an example of the application of the geometric-constraints method to the
analysis of weld fusion boundary morphology where there can be fragmented and incomplete informa-
tion concerning material properties and only approximate information concerning the character of en-
ergy deposition, thus making a direct first principals approach difficult. A significant aspect of the
geometric-constraints method is that it permits the implicit representation of information concerning
temperature dependence of material properties and of coupling between heat transfer and fluid convec-
tion occurring in the weld meltpool.

Keywords complex morphology, constraints, deep penetratiof, In this report the authors present a case study analysis of
elliptic problem, generating function, parameter deep penetration welding of 304 stainless steel for the purpose
optimization of further demonstrating the application of their method to

these types of welding processes. The specific aspect of the

1. Introduction geometric constraints method considered in this report is that it

provides a means for the implicit representation of information

In a series of reports (Ref 1-3) the authors presented a genconcerning temperature dependence of material properties and
eral and flexible approach for the numerical modeling and ©f coupling between heat transfer and fluid convection occur-
analysis of dynamic welding processes using a geometric-con{ing in the weld meltpool. A model system representing the
straints method that provides a general framework for the in-Pseudo steady state of a welding process can be sufficiently
clusion of boundary value information easily obtained from specified by a given set of equations, that is, a set of equations
experimental measurements or information based on assumptepresenting the physical processes and equations representing
tions (or prior knowledge) concerning the physical character of constraint conditions, such that inclusion of the Navier-Stokes
the welding process. An important feature of this approach for @nd continuity equations represents an overspecification of the
imposing constraints according to boundary value information model system. It is significant to note that this type of overspe-
is that it tends to compensate for either the unavailability of dif- Cification does not pose a formal problem in terms of being in-
ficult experimental measurements of material properties or compatible with the geometric-constraints method, which is
gaps in knowledge concerning the characteristics of the energynherently a method based on constrained parameter-optimiza-
source. In Ref 1 and 2 the geometric-constraints method wadion (Ref 4). Overspecification resulting from the inclusion of
described in terms of its application for the analysis of deepadditional equations can pose problems, however, in terms of
penetration welding processes. In Ref 3 the authors examinedarge computational requirements and inconvenience with re-
the application of the geometric-constraints method to the SPectto the adjustment of parameters for the purpose of achiev-
modeling and analysis of the types of welds that typically result Ing optimization.
from welding processes such as gas metal arc (GMA), shielded In practice, a range of incomplete information exists con-
metal arc (SMA), and gas tungsten arc (GTA) welding process-cerning a given welding process, and characteristics of the
es consisting of either single or multiple passes. In addition, pseudo steady state temperature field associated with a given
Ref 3 provides a relatively extensive survey of mathematical welding process are not conveniently represented mathemati-
properties related to geometric constraints. The objective ofcally via analytical formulations defined for a closed and
this work is to provide a three-dimensional description of the bounded solution domain having a relatively simple shape. In
fusion boundary and associated temperature field. Within suffi- practice, the following are among the issues to be considered
cient accuracy, this calculation will allow subsequent modeling for modeling a given welding process:
of heat flow, distortion, and microstructural evolution.

The total energy input per unit distance for a given welding
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emission. The combined contribution of these losses is sig-pendent system, only the pseudo steady state solution is of rele-

nificantly different for various materials being welded un- vance with respect to geometric-constraint information. In the

der various conditions. Measurements to quantify energy author’s development, the time step and volumetric discretiza-

input, such as calorimetry, are slow, expensive, and difficult tion of the system serve as a means of constructing a weighting

to perform for processes such as electron beam welding. Tosum for the purpose of optimizing the discrete temperature

the extent that this quantity is known quantitatively, it can field corresponding to a given set of geometric constraints. The

provide a global constraint on the three-dimension tem- input of energy originating from the energy source is deter-

perature distribution defined by the pseudo steady state ofmined in the model system via specification of upstream

the weld. boundary conditions on closed subdomains located within the
e There can be a lack of information concerning the detailed specified solution domain. The equations governing the model

characteristics of the energy source. Particularly with elec- system are:

tron beam and laser welding, but also for arc welding, the

characteristics of the energy source are rarely stable and oT N

well known. Input parameters can be measured, controlled,p(T )Cp(T) > =0OkT)+kOX]OT)+0 YT +0O Eq(%

and described, but complex interactions with the material

surface, for example, keyhole formation, can significantly (Eq 1)

alter the nature of the effective energy source. Often dy-

namic instability of the energy source is controlled (by pa- o
rameter selection) to the extent to which the effect of theseWhere the quantlyep(T), Co(M, ar)dk(T) are the temperature
dependent density, heat capacity, and conductivity, respec-

instabilities are sufficiently decoupled from the system to _. .
result in a consistent stable fusion boundary and resultantt'vely' and the temperature-dependent source &m(T) is

weld. As an example, in laser keyhole mode welding, the such that
complex optical reflections occurring within the keyhole,
plasma absorption, and focusing of energy, significantly al- t+t
ter the character of the energy source thus making an accuj O (T )dt = AH (Eq 2)
rate model of these input conditions extremely difficult. t
¢ The system consisting of workpiece and energy source may
not have a simple geometric shape. The top surface of the ) ) ) )
meltpool may assume a relatively complex shape, which Where the quantitgH is the change in energy per unit volume.
may not be modeled conveniently via mathematical repre- The quantityx = (x, y, 2) is the position vector. This method of
sentations that are analytical solutions to the heat-conductepresenting the influence of temperature-dependent source
tion equation defined within domains having shapes te€rms is convenient f_or mcluspn into model representations
characterized by relatively simple geometries. that do not consider time explicitly, for example, the .dynam|c
«  The material properties are essentially not constant and carPSeudo steady state of a weld that would occur during a con-
vary substantially as a function of temperature. In addition, finuous welding process. The source teri(x) is associated
the properties of materials at and above the vaporizationW'th the input of energy into the system resulting from an exter-

. N\, .
point are often not contained within the properties databasen@l €nergy source. The functien(x) represents the influence
for even common materials. of the coupling of heat transfer and fluid convection. In the

authors’ development the temperature-dependent source

term O (T ), the source terd (X), and the modified-con-

ductivity functionk(X) are considered implicitly via the speci-
Faced with these difficult issues, it should be repeated that,fication of different types of discrete temperature-field

from a practical point of view, the various types of process in- quantities, which are defined in what follows.

formation listed above are not the primary goal in under-

standing and controlling any given process. The primary goal is

to understand the geometry of the fusion boundary and therma ; :

state to sufficient accuracy to allow the application of existing b Discrete Representa_tlon of Pseudo Steady

modeling tools to predict distortion, microstructural evolution, State Temperature Field

and material properties.

¢ Energy transfer within the weld meltpool is coupled to fluid
convection and changes in density.

A discrete field representation of the pseudo steady state
temperature field can be constructed as follows. First, the solu-
2. Physical Model of the Welding Process tion domain is partitioned into a set of discrete volume ele-
ments of volume AI)3, where each volume element is
The model system to be specified is that of the dynamic associated with a node and designated by an index. It is as-
weld in the pseudo steady state. That is to say, the model systerasumed that the node whose indep4 is located both adjacent
is characterized by quasi-steady energy transport in a coordi-and upstream relative to the node whose indpxigerepis a
nate system that is fixed in the reference frame of a moving en-ositive integer. Second, note that the time inteftdbr any
ergy source. The outermost boundaries of the model system arposition within the workpiece to move a distafteelative to
defined by the sides of a finite-sized rectangular region. Al- the energy source i8/Vp. It follows that a consistent discrete
though the model system is formally that of a general time de-representation of Eq 1 is given by:
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ne 0 a partitioning of the solution domain into a finite set of subdo-
T,= 1 KO, + (VBAl)Tp+lE (Eq 3) mains_defined t_)y closed boundaries. Accordingly, the tempera-
(6K + VgAl) » 0 ture field designated byl represents boundary values
3 N extending over the closed boundaries of these subdomains.
These quantities are specified by means of a generation func-
where tion of the general form:
+ K.
= o) Eq4) .
Te=Te(X) = Z Wy T(X = X, Kp) (Eq9)
n=1
6
K, = 1 Ki (Eq5)
P 6 Z ! where the function$,, are Rosenthal type solutions (Ref 5-7)

andw,, are weighting functions with a range of values that can
in some cases be restricted to only 0 and 1, for example, a unit
and step or rectangle function. The temperature field quantity des-
ignated byTg provides the means for adjusting the pseudo
K + KD steady state temperature field at downstream regions. In this

. BN I i le that is equivalent to that of the quantities
K = (Eq 6) sense it assumes aro q that ofthe g

p(Tp) Co (Tp) designated b¥s, It follows then that the solution is driven from

both upstream and downstream. It is significant to note that it
also provides a mathematical foundation for inversion of ex-
perimental measurements for the purpose of extracting infor-
mation concerning the temperature dependence of material
properties (solid and liquid) of the workpiece. Finally, the dis-
crete temperature-field quantiti€g (or equivalentlyT; and

The discrete quantitieg’ defined by Eq 4 are defined such
that they represent values of diffusivity, which are functions of
discrete positions indexed bynd which are at separations of
Al relative to the position whose discrete indep.iShis strict
?SSOQ'at'On of t_he d|s<_:rete qgan;méfgmth the discrete posi- Ty+2) spanning the solution domain must satisfy the global

ions indexed by, relative top, is significant and concerns for- constraint condition
mal properties of Eq 3 with respect to constrained parameter
optimization. This is discussed in the following paragraphs.

The discrete temperature-field quantitis(and similarly (a3 To b

Tp.) are of four types where each provides for the input of —4— % I P (T)Cp(T)AT =1~ (Eq 10)
specific type of information. Specifically: p=1 Ta B

T,andT,, 1= Tp, Te, Tg OF Tg (Eq7)

The quantitied. andqg are the length of the solution domain
and total power input, respectively.

where the discrete temperature-field quantities designated by ap important aspect of the weighted finite sum defined by
Tp represent those quantities whose values are to be optimizegtq 3 js that the discrete field quantitiesndk; have an equiva-
subject (in part) to the constrained or specified values of the|ent status formally. This property provides the basis for a fur-
discrete temperature-field quantities designate@idiis, and  ther extension of the method of geometric constraints. There
Te. The discrete temperature-field quantities designateteby  can pe cases where the temperature dependence of the thermal
represent those quantities with values constrained accordingtqjiffusivity K(T) is known only partially. In these cases, for
information that is known a priori about the pseudo steady stateypgse regions of the solution domain where information con-
temperature field associated with a given welding process. Thecerning the temperature dependence(@ is either unavail-
discrete temperature-field quantities designateddyepre- aple or approximate, the discrete diffusivity fiejc:an also be
sent those quantities with values that are associated with VO'“'adopted as an adjustable discrete field quantity in the same
metric energy deposition resulting from the energy source manner as the discrete set of quantities designatel b

term. That is: general requirement for adopting the discrete diffusivity field
K; as an adjustable field quantity is that there exists a sufficient
Mg amount of geometric constraint information for assuring (in
Tg=TgO B[R] = Z Wn-rn(’)} _Qn,Kn) (Eq 8) principle) uniqueness of both the set of quantifigédesig-

nated byTp) and the set of quantities, with temperature de-
pendence that are not known. Further, there can be cases where
the amount of available information concerning a weld is suffi-
The temperature-field quantities designatedipyre quanti- ciently large that with respect to constrained parameter optimi-
ties whose values have a special significance in providing azation the system is overconstrained. That is to say, the number
means for the inclusion of information concerning the pseudo of equality constraints of the types designate@dgyls, andTg

steady state temperature field. In contrast to the field quantitiesexceeds the number of discrete field quantities with values that
designated b¥ andTg the values of the quantitidg specify are to be optimized. In these cases, an increase in the number of

n=1
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discrete field quantities can be affected by adopting the quanti-(for example, Fig. 1), the authors consider the process of deter-

tiesk; as well adT; for optimization. It follows that the duality ~ mining a discrete temperature fidigwithin each of the closed

property of the quantitieEandk associated with the weighted subdomains. The authors show by means of a partially heuristic

finite-sum representation defined by Eq 3 provides a means forproof that for a distributed set of closed subdomains, the

increasing the amount of information that can be included into weighted finite-sum defined by Eq 3 can be adopted as a con-

a model system via constraints. sistent elliptic solver for determining the discrete pseudo
steady state temperature field. This is based on the property of
the temperature-field quantities designatedgyvhich speci-

4. |mp|icit Representation of fies the distribution of temperatures over the closed surfaces of
Temperature-Dependent Material Properties the subdomains and which provides for the implicit inclusion
. of information concerning the temperature dependence of the
and_ of the Cou_plmg between Heat Transfer and material properties, the motion of the workpiece relative to the
Fluid Convection energy source, and of the coupling between heat transfer and

fluid convection.
In this section the authors discuss a specific property of con-  Referring to Fig. 1, it follows by linear interpolation in three
straints that is significant in that it provides a means for includ- dimensions that for a given discrete spatial locgtithat is lo-
ing implicitly information concerning the temperature cated within a given subdomain (upon whose constrained
dependence of material properties and information concerningboundaries are assigned the temperature vaj)eke discrete
the coupling between heat transfer and fluid convection. In ad-temperature field, is given by
dition, this property provides the basis for a reformulation of

the problem in terms of the solution of an elliptic equation de- 6
fined over a contiguous set of closed subdomains. The mathe inversenroblem= We. T Eq 11
matical foundation of adopting Eq 3 as an elliptic solver p ( ® U Z ElEI (Eall)

defined over a distributed set of subdomains, while consis- i=1

tently providing implicit representation of the temperature de-

pendence of material and fluid properties follows from an where the weighting coefficient; are functions of the node
examination of the equivalence between two alternative dis-indexp and are given by

crete representations of the problem. One representation is de-

rived from a parabolic equation while the other is from an a1

elliptic equation. 1 O
The authors first adopt the assumption that there is sufficientWg ; = I DZ | E (Eq 12)
information concerning the downstream region of the pseudo Alg, H“_ A EmD

steady state temperature field (for example, information ob-

tained from weld cross sections or thermocouple measure-

ments) and the global morphology of the weld (for example, and the discrete quantitiédg;, shown in Fig. 1, satisfy the
average three-dimensional shape of meltpool and energy pefonditions

unit distance) that a specified bounded solution domain can be

partitioned into a distributed set of closed subdomains such as6

are shown schematically in Fig. 1. For a given partitioning of 2 We; Al 2 Al (Eq 13)
the solution domain into a distributed set of closed subdomalns '

where the subdomain containing the ngdbas been parti-
tioned into a set of discrete volume elements of volulhg.(
The quantitiedlg; (i =1, ..., 6) are the distances between a
given discrete location within a subdomain (indexed by the in-
teger variablg) and its six discrete nearest neighbor locations
(indexed by the integer variakile which are on the closed sur-
face of the subdomain. The procedure defined by Eq 11 repre-
sents an inverse approach to determining the discrete
temperature field,. Thatis to say, the procedure for determining

is based on the use of prior knowledge concerning only
cﬁaracterlstlcs of the pseudo steady state temperature field
and not on any information concerning either the welding
process or material properties of the workpiece. Itis significant
that this distinction is kept clear for a proper interpretation of

Fig. 1 Schematic representation of a finite distribution of sub- what follows. . . .
domains providing implicit information concerning the tempera- The authors consider next the process of calculating a dis-
ture dependence of material properties and of the coupling be- crete temperature fielfl, over an infinite solution domain for a
tween energy transfer and fluid convection given set of upstream boundary conditions and a specified flow
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field U representing the flow of liquid in the weld meltpool via the discrete temperature field within a given closed subdomain.
a direct problem approach. For the purpose of this developmenfA formal statement of the property that the weighted sum de-
the authors adopt a specific representation of the discretizatiorfined by Eq 3 is a discrete elliptic solver for determinliygto
employed by the SIMPLE algorithm (Ref 8), which is defined within a sufficient level of approximation) is that

according to Fig. 2. Accordingly, it follows that given an ex-

plicit functionk(T), a discrete set of upstream boundary values & e D
(or equivalently, an energy source term), top surface and mid- Z Te. ;DX KOT, + (V)T +1[| (Eq 18)
plane boundary conditions, and a three-dimensional flow field : (6KD+ Vg AI) P 0
U defined over the region of the meltpool, a unique discrete '~ O
temperature field is determined according to the weighted sum:
for T; andT,, within a closed subdomain. A semi-quantitative
6 proof can g constructed that shows that the existence of the

T,(directproblem= iu Z aT (Eq 14) sum defined by Eq 11 implies,that equality Eq 18 is satisfied.

6 This proof is based on Green’s theorem (Ref 9) and is devel-

=1 oped in terms of discrete analogs of mathematical repre-

sentations based on continuous functions and operators. A

where the weighting coefficients are defined by: qualitative and intuitive understanding of the equality Eq 18
follows from the observation that the right side of this equality,
00 oAU 0)0 O applied iteratively over a closed domain, is simply an interpo-
a =k, maxr1.0-0.1 ———27, 0 lation among the surface valu€sthat bound that domain. A
oo o K M o more quantitative proof can be established by means of a refor-
+(0) max[U O0;,0] + 3, Vg Al (Eq 15) mulation of Eq 3 defined by
6
and -1 0T
Tp= e 2 W T, (Eq 19)
6 P =1
o_1
ap=5 Z a; (Eq 16)

where the weighting coefficientg’ andwy'are defined by

Eq 11, represents a direct problem approach to determining the

discrete temperature field,. That is to say, the procedure for

determiningT, is based on either prior knowledge or assump-

tions concernlng only the welding process and material proper-respectively. A significant feature of the formal representation de-
ties of the workpiece and not on any prior knowledge fined by Eq 19, relevant to the authors’ development, is that it can

6
The procedure defined by Eq 14, in contrast to that defined by= KD+ 5 pe1 (Vg Al) and WD- 5 2 (Eq 20)

concerning characteristics of the temperature field. be interpreted as the discrete analog of the Laplace equation:
For a given distributed set of subdomains, upon whose surfaces

discrete values dizare specified, it follows from the conditidp C2[wO(T, X' Vg)T] =0 (Eq 21)
(direct problem) =T, (inverse problem) (see Fig. 3) that the equal-
ity

The fact that Eq 3 can be adopted as an elliptic solver, follows
6 6 from the mathematical properties of elliptic equations, for ex-

_ 1 : ample, Eq 21.

2 We Teji = 6a) Z 3T (Eq17) Given a weighted-temperature fie T, which satisfies the

i=1 i=1 Laplace equation Eq 21 within a given subdomain whose
boundary is a closed surfa8gt follows from Green’s theorem

is satisfied (to within a sufficient level of approximation) with  (Ref 9) that:
the condition that the discrete temperature field quanfiies

(on the right side of Eq 17) are defined over an open solutlonwE(TxVB)T(x)
domain. The equality expressed by Eq 17 establishes that the

volumetrically-distributed values of the field quantiy pro- - —IwE(T, X', Vg) T(X) O G(X,X") ' da’
vide an implicit inclusion of information concerning the tem- 4y
perature dependence of material properties and the coupling (Eq22)

between heat transfer and fluid flow. The construction defined

by Eq 11 represents a linear interpolation of the temperature

field Tg over a closed subdomain. It is significant to note that if there is a Green's functio@(x, X") such that:

the general form of the sum defined by Eq 11 establishes that

Eq 3 can be adopted as a discrete elliptic solver for determiningC 2G(X, X") = —4T[6(x x) and G(X x)=0 (Eq 23)
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for positionsQ within the subdomain and positiorﬁ‘s’, on the and that(x, X ) is of the general form:
surface,S, bounding /:[r)\is subdomain. Next, the authors note
some properties aB(x,X '), which follow from Eq 23. These
are:

G X") = : _19( i F(X X') whereld '2F(X,X") =0  (Eq 25)

VANAN
J DGk x") [h'da’ = -4m (Eq 24) Equations 22 through 25 provide the general framework for
S an integral representation of the solution of Eq 21 over a closed
domain. Accordingly, construction of a surface integral of the
form defined by Eq 22 and of an associated Green'’s function
with properties that are consistent with Eq 23 through 25 im-
plies that the weighted-temperature fi@itiT satisfies Eq 21.
Next, the authors note that the weighted sum defined by Eq 12
can be interpreted (to within a sufficient approximation) as a
discrete analog of Eq 22. That is:

—i_[ w(T, X', Vg) T(X') 0’ G(X, X') @' da’
41t S

6

=w(T,, X, Vg) S We, Te; (Eq 26)
i=1

The correspondence represented by Eq 26 establishes the
proof. Next, it follows that for a sufficiently dense distribution

of contiguous subdomains, the diffusivity functie(T) can

vary slowly over the range of temperatures occurring within

Fig. 2 Indexing scheme for weighting coefficiesdefined any given subdomain. It follows then that:

by Eq 15
6 L 6
Y WeiTei=g > T (Eq 27)
i=1 i=1

Navier-Stokes equations

Heat conduction equation
(to within a sufficient level of approximation) fat within a
closed subdomain, which is sufficiently small that the diffusiv-
Model representation of energy source ity function (which includes in general a modified conductivity)
Material properties of solid and liquid can be assumed effectively constant and that any weighting of the
temperature field (which can be due to the motion of the work-

\

Continuity equation

\
Direct problem

y

l Discrete pseudo-steady-state temperature field —I

A

Inverse problem

A

Generating functions Tg(x,y,z) and Tg(x,y,z)

Local constraint conditions T¢(x,y,2) based
on experimental measurements

A

Global constraint condition based on qg/Vg

Material properties of solid and liquid

Fig. 3 Schematic representation of dual interpretation of gen-
eration function§ g andTg in terms of both direct and inverse Fig. 4 Intersection of trailing solidification boundary and sym-
problem formalism metry plane parallel to direction of beam travel
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piece relative to the energy source, coupling of heat transferpenetration welding processes. Itis interesting to note that from
and fluid convection, and the temperature dependence of matethe standpoint of applying geometric constraints, deep penetra-
rial properties) can be achieved by the boundary conditionstion welds represent a relatively simple case. This follows from
specified bylg andTgover the closed surfaces of the set of sub- the inherent character of energy deposition occurring in these
domains. processes, which tends to produce overall weld shapes with
general features that are simple relative to welds resulting
from, for example, GMA welding processes.
. ] For the present case study the authors consider a prototype
5. Case Study Analysis of Deep Penetration analysis of the weld, with cross sections that are shown in Fig.
Welding of 304 Stainless Steel 4 and 5 and with process parameters that are given in the Ap-
pendix. As shown in these figures, for this analysis three differ-
ent types of cross sections of the solidification boundary have
The authors present a case study that is typical of deep penebeen adopted for specifying constraints. These are the trans-
tration welding processes. This analysis serves to demonstrat&erse cross section, the extent of the meltpool at the top surface
many features of the geometric constraint method and issue®f the workpiece, and the solidification boundary along the
associated with its application in practice. The emphasis of themidplane slice of the weld that is parallel to the direction of mo-
authors in this report is its application for the analysis of deeption of the beam relative to the workpiece.

top section

B —— steady siate
iy watkd pool boundary

o

« hail head
region ——

longitudinal section

; fransversa saclion ﬁ' -

= e ot L= |
s =2 .

Fig. 5 Set of experimental cross sections of solidification boundary adopted as constraint conditions on pseudo steady state fiehdperat
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The first stage of the analysis entails the generation of aatT, (upstream surface) sections of the midplane and top sur-
three-dimensional isothermal surfac& gt with different pro- face boundaries, and the isothermal surface at 850 °C (down-
jections that map onto the experimentally measured cross secstream surface). A third subdomain is defined by the isothermal
tions of the solidification boundary (Fig. 4 and 5). This surface at 850 °C (upstream surface), sections of the midplane
pro,c\:edure is undertaken by means of a generating functionand top surface boundaries, and the downstream boundaries of
Te(x), defined by a line source extending into the solution do- the solution domain.
main, with magnitude that is aqunction of the depth of penetra-  The third stage of the analysis entails solving Eq 21 over
tion,z The generating functiof(x) employed, whose general  each of the subdomains with the condition that the global con-
construction consists of a weighted sum of Rosenthal-type so-straint condition Eq 10 is satisfied to within a specified toler-
lutions, uses average temperature-independent material propance for the entire solution domain. For the subdomain
erties of steel. These are given in the Appendix. containing the energy source, that is, the subdomain with a

The second stage of the analysis consists of partitioning thec|osed surface that consists in part of the isoth@igandTg,
solution domain into a set of closed subdomains. The authors,gjumetric energy deposition within the workpiece resulting
adopt as part of this partitioning the isothermal surfadg;at  from the energy source is represented by a generating function
whoseT projectipns onto each of the coordingte planes is consi.sm“,ing a form defined by Eq 8. In the case of deep penetration
tent with experimental measurements, thatis, Fig. 4 and 5. Thisye|ding processes, this function has a relatively simple form
is agalnAundertake_n by means of a line-source generatm_g funczng can be defined (as in the cas@én'ﬁ)) by a line source ex-
tion Te(X). For a grid resolutiodl of 0.0794 mm, the solution o ding into the solution domain, whose magnitude is a func-
domaln is partlt_loned into three subdomains. One subdomainis;jon of the depth of penetration. Equation 21 is then solved
defined by an isothermal surfaceTg (upstream surface), & merically over each closed subdomain by adopting Eq 3 as a
section of the m|dp!ane boundary, a section of the top S”rfacediscrete field solver for a given grid resolutiah Shown in
boundary, and the |sothermal surfacé’,@t(doyvnstream sur- Fig. 6 and 7 are two-dimensional slices of a three-dimensional
face). Asecond subdomain is defined by the isothermal surface nerature field whose discrete values have been determined

by solving Eq 21 over the distributed set of subdomains de-
scribed previously (and in the Appendix). For these calcula-
tions the specific set of model parameters, including the grid

Lo o e o 9
g% § gg g 8 w250°c  1030°c X resolutionAl and structure of the set of subdgmains, has b.een
— - > adopted such that an optimal temperature field is determined
820 °C mostly over the subdomain defined by the range of tempera-
630 °C tures between 850 °C arig,. The calculated values of the
420 °C pseudo steady state temperature field that are outside this range
Y 210°C are expected to be less optimal but yet sufficient for providing

areasonable estimate of the energy per distance for the welding
process, which represents a global constraint on the system. It
v follows then that a relatively more optimal temperature field
) ) ] ) can be determined for temperatures greater Thaby adopt-
Fig. 6 Top surface plane at z = 0; two-dimensional slice attop jnq g finer grid resolution and by constructing, via a generating
surface of workpiece of three-dimensional temperature field ob- ¢ etion a subdomain with temperatures ranging figprto
tained by means of constrained optimization for a grid resolu- : .
tion Al of 0.0794 mm 1800 °C, for example. For this calculation values of the tem-
perature field that are outside the rafiggto 1800 °C would be
considered relatively less optimal but would still be considered
sufficient for contributing to a reasonable estimate|p¥.
Similarly, a relatively more optimal temperature field can be
determined for temperatures less than 850 °C by adopting a
coarser grid resolution and by constructing a subdomain with a
R downstream boundary defined by an isothermal surface with a
temperature less than 850 °C. This procedure also represents
@ the basic approach for extending the total range of values for
the calculated temperature field. In order to demonstrate this
approach the authors now present a repetition of the con-
strained optimization procedure using a grid resolution that is
490°C approximately twice that adopted for the calculation of the tem-
perature field shown in Fig. 6 and 7. In the course of this pres-
entation the authors examine various general features of the
\/ calculation.
Fig. 7 Midplane aty = 0; two-dimensional slice at symmetry Shown In l_:|g. 8(a) and (b) are. two-dimensional slices of a
plane, parallel to direction of beam travel, of three-dimensional three-dimensional temperature field whose values have been

temperature field obtained by means of constrained optimization ~détermined by means of a generating function. The only condi-
for a grid resolutioml of 0.0794 mm tion imposed on this field is that the three-dimensional isother-
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mal surface afly, consistently map onto the experimentally ture field calculated by means ofthefuncﬂ'@@?) (Fig. 8aand
measured cross sections, that is, Fig. 4 and 5. Referring to Figb) as an initial estimate. The second step consists of adopting
8(b), itis seen that the general character of the temperature fieldhe temperature field resulting from the first step as an initial
at regions close to the top surface boundary of the solution do-estimate and then solving Eq 21, sequentially, over the set of
main is not physically realistic or consistent with the general in- subdomains with upstream and downstream boundaries de-
fluence of surface boundary conditions. fined by the isothermal surfaces given by the ordered pairs
Shown in Fig. 9(a) and (b) are two-dimensional slices of a (1700 °C, 1200 °C), (1000 °C, 650 °C), and (700 °C, 600 °C).
three-dimensional temperature field with discrete values deter-  The authors next consider optimization with respect to ma-
mined by solving Eq 21 over a distributed set of subdomains. terial properties. Before discussing this issue, however, a brief
Referring to Fig. 9(b), it can be seen that the general charactefeview of specific aspects of their approach is in order. For a
of the temperature field is physically realistic at regions near to given grid resolutionhl, the constrained optimization proce-
and at the top surface boundary of the solution domain. Anin-qure, representing the practical application of the method of
teresting aspect of the optimization procedure to note here isyeometric constraints, consists of the determination of a pro-
that optimization of the temperature field can be undertaken gression of successively improved estimates of the pseudo
over subdomains with intersecting regions. This aspect of thesteady state temperature field. Local adjustment of a given tem-
procedure actually helps in providing more convenience with peratyre field (serving as a prior estimate) for the purpose of in-
respect to optimization of the temperature field. For this calcu- ¢jyding additional information concerning the weld (and thus
lation, corresponding to a grid resolutiahof 0.159 mm, the  jmproying the estimate) is achievable (conveniently) because
solution domain is partitioned into the set of subdomains (Some uf the properties associated with partitioning of the solution do-

of which are mutually overlapping) with upstream and down- 4in into subdomains. In the case study analysis presented

stream boundaries listed in the Appendix. Each subdomain isy o6 an initial estimate of the temperature field is calculated

defined by an upstream boundary, a downstream boundary, g5 5 generating functiof(X), which assumes temperature-in-

section of the midplane boundary, gnd a section of the top Sur'dependen'[ material properties. This represents a relatively con-
fa_ce bound_ary. The temperature field of _the top surface andvenient approach for calculating a prior estimate of the pseudo
midplane slices shown in Fig. 9(a) and (b) is the result of a two- steady state temperature field. It is significant to note (as de-

fﬁipsg?gfuﬁg’ dnc;n-wrzﬁ :ﬁ’éﬁsrt]i% %ontﬂ:tzec;f;fotmg;gtﬁl ;)\éer scribed schematically by Fig. 3), that, as a prior estimate, a tem-
y P & perature field resulting from a calculation based on a relatively

T, 1800°C, 850 °C, and 650 °C) and by adoptlngthetempera-deta”ed model representation of the welding process can be

adopted. This could be, for example, a model representation

which includes equations representing the fluid flow in the melt

pool and the temperature dependence of the material proper-
X ties. In the present analysis, information concerning the tem-
perature dependence of the material properties of 304 stainless
steel (Ref 10) was included during the optimization procedure,
which consisted of solving Eq 21 over individual subdomains
for a given specification of the discrete weighting functions de-
fined by Eq 20.

In the present study, optimization with respect to total en-
ergy input is achieved by adjustment of the temperature field
according to the condition defined by Eq 10. For the discrete
(a) temperature fields calculated, the sum on the left side of Eq 10

was found to have values of 1.880° J/m and 1.5 1P J/m

for grid resolutiongl of 0.0794 and 0.159 mm, respectively.

These calculated estimates of the energy input per distance are
—> somewhat greater than the experimentally determined maxi-
mum energy input possible for coupling into the workpiece
(see the Appendix). In order to adopt the quamifyy as a
strict constraint condition, it is necessary to relax other con-
straint conditions so that the system is not overconstrained.
Adopting the conditiorgyVg = 1.0x 10° J/m as a relatively
strict constraint, the authors consider the relaxation of the con-
straint conditions associated with the longitudinal midplane

1770 °C
1560 °C
1370 °C
1180 °C

980 °C

780 °C

1740 °C
1660 °C
1870 °C
1180 °C

980 °C 740 °C X

590 °C

400 °C

210°C

(b)

Fig. 8 (a) Top surface plane at z = 0; two-dimensional slice
at top surface of workpiece of three-dimensional temperature
field obtained by means of a generating function. (b) Midplane
aty = 0; two-dimensional slice at symmetry plane, parallel to
direction of beam travel, of temperature field obtained by
means of a generating function
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shape of the solidification boundary (that is, Fig. 4) and the ef-
fective maximum (time-averaged) temperature distribution
characterizing the deep penetration energy source. The relaxa-
tion of these constraints could be based on the following physi-
cal arguments. First, the shape profile shown in Fig. 4
represents an estimate of the pseudo steady state shape of the
solidification boundary obtained by means of a specific etching
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procedure (see Ref 2). It is plausible to assume that this shapéave adopted a grid resolution and domain partitioning that are
feature should be adopted as an approximate constraint rathesuitable for optimizing the calculated temperature field at re-
than in a shape constraint that should be strictly satisfied. Secgions that are downstream and relatively far removed with re-
ond, it is observed experimentally that the vapor-liquid inter- spect to the location of the energy source, for example,
face, which defines the keyhole (a characteristic feature of deegemperatures less than 800 °C. A consistent approach for opti-
penetration welding processes), tends to be an unstable struanizing the temperature field for regions close to and including
ture that collapses and then reforms quasi periodically. It fol- the energy source (and maintaining the global constraint condi-
lows then that the effective maximum temperature distribution tion ongy/Vg) would entail adopting a finer grid resolution and
characterizing the steady-state energy deposition resultinga local set of subdomains bounding the energy source (within
from a deep penetration welding process (a time-average quanwhich there would be a grid of sufficiently finer resolution)
tity) could be significantly less than the vaporization tempera- such that the optimized temperature field averaged over this set
tureTg. Shown in Fig. 10(a) and (b) are two-dimensional slices of subdomains has a value of approximately 2000 °C. In princi-
of a three-dimensional temperature field with discrete valuesple, this calculation would entail more detailed information
determined following the authors’ optimization procedure. For concerning the time-average temperature distribution charac-
the discrete temperature fields calculated, the sum on the lefterizing the energy deposition, that is, the quantiigdefined

side of Eq 10 was found to have a value of X 1%P J/m for a by Eq 8.

grid resolutionAl of 0.159 mm. As shown in these figures, the It has been shown here, however, that the easily obtainable
strict condition on the quantityy/Vg can be achieved by adopt- geometric constraint information, which would normally be
ing an average effective temperature of 2000 °C in the regionavailable during the course of a typical weld analysis, such as
containing the energy source and by relaxing the condition de-metallographic cross-section data, can be used to help calculate
fined by the dynamic shape feature of the solidification bound- a temperature field for a high energy density weld. A key point
ary shown in Fig. 4. It should be noted that the representation ofis that this temperature field was calculated without in depth
the energy source via an average temperature distribution is noknowledge of the energy source and only approximate infor-
inappropriate for this specific calculation because the authorsmation regarding the total energy input, material properties,
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Fig. 9 (a) Top surface plane at z = 0; two-dimensional slice Fig. 10 (a) Top surface plane at z = 0; two-dimensional slice at

at top surface of workpiece of three-dimensional temperature
field obtained by means of constrained optimization for a grid
resolutionAl of 0.159 mm. For this calculation the shape shown in
Fig. 4 is accepted as a strict constraint condition. (b) Midplane at

y = 0; two-dimensional slice at symmetry plane, parallel to di-
rection of beam travel, of temperature field obtained by means
of constrained optimization for a grid resolutihof 0.159

mm. For this calculation the shape shown in Fig. 4 is accepted as
a strict constraint condition.
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top surface of workpiece of three-dimensional temperature field
obtained by means of constrained optimization for a grid resolu-
tion Al of 0.159 mm. For this calculation the conditigiVg =

100 kJ/m is accepted as a strict constraint condition. (b) Mid-
plane at y = 0; two-dimensional slice at symmetry plane, paral-
lel to direction of beam travel, of temperature field obtained

by means of constrained optimization for a grid resolufibn

of 0.159 mm. For this calculation the conditigyiVg = 100

kJ/m is accepted as a strict constraint condition.

Journal of Materials Engineering and Performance



and energy transfer within the melt region. Further validation Welding parameters for electron beam weld

of the model, particularly for larger more complex shaped weld

Value

pools, such as those obtained using arc welding, using techParameter

niques such as impulse decanting to determine the shape of theveld speed\g), m/s

fusion boundary are left for future work. Advanced sensing Average energy input per distanc¥D), kJ/m
methods such as noncontact thermography may provide addiBéad depth below surface, mm

tional easily obtainable constraint information with which the E;?g;’r‘]’:gtkzgtszugace mm

accuracy of the model can be improved. Power input [Q/D)Vi], W

Maximum possible power input, W

3.0x 1072
100
8.0
1.66
0.0254
3.0x10°
3.%610°

6. Conclusions

Domain partitioning for grid spacingAl =
The method of geometric constraints has been examined insee Fig. 6 and 7

0.7938x 10 *m

terms of its ability to provide an approach for the implicit rep- ypstream
resentation of information concerning welding processes. A poundary

Downstream
boundary

case study has been presented for the purpose of demonstratinlg
the application of this method in the analysis of deep penetra—r
tion welding processes. These types of welding processes arggoo °C

TM
1800 °C
850 °C

characterized by relatively simple shape features in contrast to
other types of welding processes where the fusion zone can be

characterized by a complex morphology, for example, GMA Domain partitioning for grid spacing Al
processes consisting of either single or multiple passes. TheSee Fig. 9(a) and (b)

=1.59x 1074

mathematical foundation of the geometric constraints methodUpstream
is that of constrained optimization of a discrete parameter sys-boundary

Downstream
boundary

tem. Following this method, the solution is driven equally from

both upstream and downstream boundaries. This is in contrast,

to the standard approach of associating all parameterization1800°C

with upstream regions of the weld. The problem is posed as a 8%0°C
1700 °C

discrete optimization problem over a distributed set of closed ] oc

subdomains where all boundaries are given equal weighting 700°c

Ty
1800 °C
850 °C
650 °C
1200°C
650 °C
600 °C

and where boundary values, both upstream and downstream;
represent the input of information into the model system. The
formal mathematical distinction of the authors’ approach is that
it casts the dynamic weld problem as an elliptic problem. Al-
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